We propose a scale-invariant chiral perturbation theory of the pseudo-Nambu-Goldstone bosons of chiral symmetry (pion π) as well as the scale symmetry (dilaton φ) for large N f QCD. The resultant dilaton mass M φ reads M (3 − γm)(1 + γm) · (
Since the Higgs boson was discovered at the LHC [1] , the next stage of particle physics will be to elucidate the dynamical origin of the Higgs boson, whose mass and coupling are free parameters within the Standard Model. One theory beyond the standard model is Walking Technicolor, which, based on the approximately scaleinvariant gauge dynamics, predicted a large anomalous dimension γ m ≃ 1 and a pseudo Nambu-Goldstone (NG) boson of the approximate scale invariance ("Technidilaton") as a light composite Higgs boson [2] . The technidilaton was actually shown to be consistent with current LHC data for the Higgs [3, 4] .
A strongly coupled dynamics, walking technicolor would need fully nonperturbative calculations in order to make reliable estimates of the properties of the technidilaton and other composite particles to be compared with the upcoming high statistics data at LHC. There has been much work on the lattice in search for walking technicolor [5] . Among others, the LatKMI Collaboration [6] observed a flavor-singlet scalar meson lighter than the "pion" (corresponding to the NG boson in the chirally broken phase) in N f = 12 QCD -a theory shown [7] to be consistent with the chirally unbroken (conformal) phase on the same lattice setting. Such a light scalar might be a bound state generated only in the presence of the explicit fermion mass m f in the conformal phase. Still, it gives a good hint for the technidilaton signature in the walking theory, which should have a similar conformal dynamics, with the role of m f instead played by the dynamical mass of the fermion generated by spontaneous chiral symmetry breaking.
Amazingly, LatKMI Collaboration also observed indications of a light flavor-singlet scalar with comparable mass to the pion in N f = 8 QCD [8] -a theory shown [9] to be walking, having both signals of spontaneous chiral symmetry breaking and a remnant of conformality. This should be a candidate for the technidilaton as a light composite Higgs boson in walking technicolor.
However, walking technicolor makes sense only for vanishing fermion mass, m f ≡ 0, and hence the techinidilaton mass should be determined in the chiral limit. We would need an extrapolation formula for the dilaton mass in the same sense as the usual chiral perturbation theory (ChPT) [10] for the lattice data measured at nonzero m f to be extrapolated to the chiral limit.
In this article we propose a scale-invariant ChPT (sChPT) for the use of chiral extrapolation of the lattice data on the dilaton and the pion in the presence of explicit mass of the fermion m f . It is a scale-invariant generalization of the usual ChPT [10] , based on the nonlinear realization of chiral symmetry in a way to realize the symmetry structure of the underlying walking gauge theory.
The theory consists of the pseudo-NG bosons of the chiral symmetry (pion π, with mass m π ) as well as the scale symmetry (dilaton φ, with mass M φ ), where both symmetries are broken spontaneously by the fermion-pair condensate, and also explicitly by both the fermion mass m f and the nonperturbative scale anomaly (induced by the same fermion-pair condensate) [11] . We obtain a tree-level formula in M 
where T a (a = 1, · · · , N 2 f − 1) are the SU (N f ) generators, and β NP (α) is the nonperturbative beta function for the nonperturbative running [12] of the gauge coupling α due to the mass scale Λ χ dynamically generated by the spontaneous breaking of the chiral and scale symmetries through the condensate (ψψ
is the nonperturbative trace (scale) anomaly [11, 13] defined as a part associated with the nonpertubative running and is induced solely by the chiral condensate with the scale Λ χ :
We now formulate the sChPT so as to reproduce these WT identities. The building blocks ϕ(x) to construct the sChPT are:
, is the usual chiral field with the pion decay constant F π , and χ(x) = e φ(x)/F φ with the dilaton field φ(x) and the decay constant F φ . M(x) and S(x) are spurion fields introduced so as to incorporate explicit breaking effects of the chiral and scale symmetry, respectively. Under the chiral
Under the scale symmetry they are infinitesimally transformed as
The rule of chiral-order counting [10] is thus determined consistently with both the scale and chiral symmetries: 
As noted above, even in the chiral limit, the scale symmetry is explicitly broken by the dynamical generation of the fermion mass itself in the underlying walking gauge theory ("hard-scale anomaly", or scale violation by the marginal operator) characteristic to the conformal phase transition [15] . Hence we have 4E = θ We may incorporate the corresponding explicit breaking terms, involving the spurion field S to make the action formally scale-invariant [17]:
This is a unique form having scale dimension four, which correctly reproduces the underlying nonperturbative scale anomaly
µν in the scale WT identity, Eq.(1), in the chiral limit m f → 0. In fact, when S = 1, non-invariant term arises from log χ to yield the scale anomaly θ
As was discussed in Ref.
[18], the explicit breaking terms due to the fermion current mass m f may also be introduced so as to reproduce the chiral WT identity in Eq. (1):
The factor (3−γ m ) in the first line reflects the full dimension of the fermion bilinear operatorψψ in the underlying gauge theory. The scale-invariant term in line two, having no contributions to θ 
From this we finally read off the dilaton mass term φ
Our result can also be derived directly from the underlying gauge theory through Eq.(1) as [21]:
We may further rewrite the dilaton mass, Eq. (6), in a form convenient for lattice simulations:
where
is very insensitive to the exact value of γ m as long as γ m ≃ 1 in walking gauge theory. This is our main result. It is useful for determining simultaneously the chiral limit values of both the mass m φ and the decay constant As in the case of the usual ChPT [10] , chiral logarithmic corrections at the loop level would modify the chiral scaling of the dilaton mass formula in Eq. (8) . Since the dilaton remains massive in the chiral limit due to the nonperturbative scale anomaly, only the pion loop corrections become significant for the chiral scaling of the dilaton mass. Such chiral logarithmic corrections will be operative in the soft-pion region m π < ∼ M φ (corresponding to the region where ChPT is valid: Fig. 1 ). We shall compute the chiral logarithmic corrections coming from the pion loops arising from the vertices at the leading O(p 2 ) Lagrangian Eq.(5). Those corrections softly break the scale symmetry by the form ∼ (1, r) · X log X when the cutoff Λ is identified with Λ χ , which will be renormalized by the soft-breaking O(p 4 ) counterterms proportional to m 2 π ∼ M. Using dimensional regularization [23] we thus find the D = 4 pole (logarithmically divergent) contributions to the terms in quadratic order of dilaton fields:
) and Γ Fπ = N f /4 and Γ mπ = −1/N f . After renormalizing the divergent parts at the renormalization scale µ [24] and defining the renormalized dilaton field φ r = Z F φ φ, we find the renormalized φ 2 terms,
, with the dilaton mass including the chiral logarithmic corrections of O(p 4 ):
+ (counterterms renormalized at µ) . (10)
We may assume that all the counterterms in Eq.(10) vanish at µ = Λ χ , so that they are induced only by the pion loops in the sChPT. As a concrete example, we again consider the one-family model with N f = 8 and F π = 123 GeV, and take the factor s ≃ r = 2N f F 2 π /F 2 φ = 0.2, 1.0 and the chiral-limit dilaton mass m φ = 125 GeV in the light of the LHC. In Fig. 2 we plot the chiral scaling behavior of the dilaton mass for a small pion mass region (8) (dashed black and blue curves). The figure implies that the chiral logarithmic effect may be appreciable for the soft-pion mass region. However, such chiral logarithmic effects are negligibly small for the current status of N f = 8 QCD on the lattice, where simulations have been performed for a larger pion mass region 3 < ∼ X < ∼ 5 [9] . In conclusion, we have established a scale-invariant chiral perturbation theory (sChPT) for the pseudo-NG bosons, the pion (π) and the dilaton (φ), which will be useful in its own right in various situations. It is straightforward [25] to include the vector mesons into this framework via hidden local symmetry [26] . As its prominent consequence we obtained a formula relating the masses M We would like to express our sincere thanks to all the members of LatKMI Collaboration for helpful discussions and information. This work was supported in part by the JSPS Grant-in-Aid for Scientific Research (S) #22224003 and (C) #23540300 (K.Y.).
[Note added] After submission of this article, the LatKMI Collaboration published a paper [27] (follow-up of [8] ) finding a light flavor-singlet scalar in N f = 8 QCD, with the data analyzed based on Eq. (8) to be roughly consistent with 125 GeV Higgs as the technidilaton. 2) 
